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Many physical and chemical engineering processes involve heat or mass transfer across 
an interface at which two immiscible fluids contact.  In such operations a large interfacial 
area per unit volume is necessary to bring about efficient mass and heat transfer between 
the two phases.  The method of gas dispersion through submerged nozzles, orifices or 
slots is the simplest and the most common, which permits simple design and leads to 
reasonably large interfacial areas. Due to the extremely complicated phenomena involved 
in this process, a somewhat simplified starting point has been to consider bubble 
formation from a single submerged orifice beneath the liquid, which has been the subject 
of study by many investigators.  
 
An improved non-spherical model for bubble formation and detachment at a submerged 
orifice has been developed.  The model is based on the interfacial element approach of 
Tan and Harris (1986), and is modified to include the influence of viscosity in a 
Newtonian liquid via a viscous drag force on each interfacial element. 
 
The gas-liquid interface is divided into a finite number of differential elements, and 
equations of motion are applied to each element to calculate the instantaneous 
coordinates constituting the bubble shape during its motion.  One powerful advantage of 
this model is that there is no need for an empirical detachment criterion because the 
 vii



























Symbol       Description                                                                                                Unit  
 
0a                cross-sectional area of orifice                                                                        m2
 
C                 orifice flow coefficient                                                                dimensionless 
'C                effective orifice coefficient                                                          dimensionless 
0c                 velocity of sound in the gas                                                                         m/s 
DC               drag coefficient                                                                            dimensionless 
D                 orifice diameter                                                                                               m 
bD               diameter of bubble in Equation (2.1)                                                              m 





VD = )                                                 m 
mD               maximum horizontal diameter of bubble in Equation (2.15)                          m 
F                 upward force in Equation (2.13)                                                                     N 
bF                buoyancy force                                                                                                N 
DF               viscous drag force                                                                                            N 
epF               excess pressure force                                                                                       N 
iF                 inertial force                                                                                                    N 
mF                force due to the momentum of gas                                                                 N 
 ix
pF                force due to pressure                                                                                       N 
σF                force caused by surface tension                                                                      N 
g                 gravitation acceleration                                                                               m/s2 
0g                constant of proportionality in Newton’s 2
nd law 
            in section 2.3.3                                                                            dimensionless 
H                liquid height above orifice plate                                                                      m 
l                  length of tuyere                                                                                                m  
M               virtual mass                                                                                                    Kg 
bM              mass of gas in the bubble                                                                               Kg 
'M               added mass                                                                                                    Kg 
M∆             differential virtual mass                                                                                 Kg 
N                number of interface elements                                                      dimensionless 
CN              capacitance number                                                                      dimensionless 










ρρπ −= )                                  dimensionless 







ρ= )                                              dimensionless 
aP                pressure at the supply                                                                                     Pa 
bP                pressure in the bubble                                                                                    Pa 
cP                pressure in the chamber                                                                                  Pa 
0P                hydrostatic pressure at the orifice plate                                                         Pa 
sP                system pressure                                                                                              Pa 
 x
∞P               static liquid phase pressure                                                                             Pa 
q                 gas flowrate through the orifice                                                                   m3/s 
gQ               gas flow rate into the system                                                                       m3/s 
r                 radial coordinate from axis of the bubble                                                        m 
'r                 bubble radius (Figure 2.1)                                                                               m 
0r                 radius of the orifice                                                                                         m 
Er                vertical distance (Figure 2.2)                                                                           m 
Fr                radius of bubble (Figure 2.2)                                                                           m 
ir                neck radius                                                                                                       m 
r                 equivalent spherical radius of bubble in Equation (2.2)                                  m 
R                equivalent radius of curvature at a point on the bubble surface                      m 
1R               principal radius described (Figure 2.3 and2.4)                                                 m 
2R               principal radius described (Figure 2.3 and2.4)                                                m 
Re              Reynolds number ( µ
ρ uD le=Re )                                                 dimensionless 





Qc= )                                   dimensionless 
s                 arc length                                                                                                          m 
0s                vertical distance of bubble from the plate floor in Equation (2.13)                m 
t                  time                                                                                                                    s 
u                 liquid velocity                                                                                               m/s 
ru                velocity of each element in r - direction                                                       m/s 
 xi
zu               velocity of each element in z - direction                                                       m/s 
u                 velocity of the interface element in liquid ( 22 zr uuu += )                        m/s 
v                  vertical average velocity over the surface of bubble                                                      m/s 
0v                 velocity of gas through the orifice                                                               m/s 
bV                bubble volume                                                                                                m3 
cV                chamber volume                                                                                             m3 
hV               orifice velocity in Equation (2.10)                                                                 m/s 
yV              steady bubble rising velocity in Equation (2.1)                                             m/s 
y                vertical distance of bubble center from the orifice plate                                  m 




Symbol      Description                                                                                                 Unit  
 
α              added mass coefficient                                                                   dimensionless 
β              contact angle in Equation (2.27)                                                    dimensionless 
χ              coefficient in Equation (2.2)                                                           dimensionless 
ε               tolerance value                                                                               dimensionless 
φ               liquid velocity                                                                                dimensionless 
ϕ              angle between gas-liquid interface and horizontal plane                dimensionless 
γ               adiabatic gas coefficient                                                                 dimensionless 
κ              viscosity ratio ( lg µµκ = )                                                           dimensionless 
 xii
gµ              gas viscosity                                                                                                  Pa.s 
lµ              liquid viscosity                                                                                              Pa.s 
θ               angle defined in Equation (2.10)                                                    dimensionless 
aρ             gas density at supply                                                                                  Kg/m3 
bρ             gas density in the bubble                                                                            Kg/m3 
cρ             gas density in the chamber                                                                         Kg/m3 
lρ             liquid density                                                                                               Kg/m3 
σ             surface tension                                                                                                N/m 
ω              angle of revolution about bubble axis (Fig. 4.1)                            dimensionless 
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CHAPTER 1          INTRODUCTION 
 
 
1.1 Significance and objective for the study of single bubble formation 
 
Many chemical engineering operations involve transfer of mass or heat across an 
interface with which two immiscible fluids contact. In such operations a large interfacial 
area per unit volume is necessary to cause efficient mass and heat transfer. The approach 
of gas dispersion through submerged nozzle and orifice is the simplest and the most 
common, which permits of extremely simple design and leads to reasonably large 
interfacial areas. Such important industrial operations involving bubble formation include 
bubble columns, sieve plate columns and fermentation vessels.  
 
In the study on bubble formation, the behavior of single bubble formation through a 
single submerged orifice has been widely investigated in the literature, even though 
multiple orifices are practically employed in industry. The study of bubble formation at a 
single submerged orifice is a relatively simple and fundamental process to model the 
rather complicated multiple orifices used in practical industry; however, even this 
simplified method to dispersion studies is far from being simple and clearly understood. 
 
1.2 Factors affecting the bubble formation at a submerged orifice 
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Bubble formation at a submerged orifice is a process in which many parameters are 
involved, affecting the bubble size, bubble shape and bubble frequency and so on. 
Hughes et al. (1955) investigated the variables involved in bubble formation and 
proposed a dimensionless capacitance number to correlate the effects of these factors as 
follows: 











ρρ −=                                                                      (1.1) 
where cV  is the gas chamber volume, 0r is the radius of the orifice and 0c is the velocity 
of sound in the gas. Hughes et al. postulated that 85.0=CN  is the critical value to 
describe the gas chamber effect. When 85.0<CN  the bubble volume is found to be 
nearly independent of chamber volume.  
 
Kumar and Kuloor (1970) classified the factors affecting bubble formation as equipment 
variables, system variables and operating variables. 
 
(1) Equipment variables 
(a) The orifice radius 0r . 
(b) The wetting properties of the material of the orifice. 
(c) The gas chamber volume cV . 
 
(2) System variables 
(a) The surface tension σ . 
(b) The density of liquid lρ  and viscosity lµ . 
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(c) The density of gas gρ  and viscosity gµ . 
(d) The contact angle θ . 
(e) The velocity of sound in the gas 0c . 
 
(3) Operating variables 
(a) The volumetric flowrate of the gas through the orifice q . 
(b) The velocity of liquid phase u . 
(c) The submergence of the orifice below the liquid H  
(d) The pressure drop through the orifice P∆ . 
 
1.3 Objective and organization of thesis 
 
The present thesis aims to model the effect of liquid viscosity and surface tension on 
bubble formation through a single submerged orifice. 
 
Chapter 2 presents a comprehensive review of theoretical and experimental studies on 
bubble formation at a single submerged orifice under various conditions, in which the 
influence of liquid viscosity and surface tension will be discussed in detail. 
 
Chapter 3 introduces the theoretical development for the present model, which is based 
on the interfacial element approach for non-spherical bubble formation model.  The gas-
liquid interface is presented by a number of points with two coordinates which can be 
obtained by solving the equations of motion based on the bubble surface. 
                                                                                                                            Introduction 
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Detailed numerical solutions for bubble formation process will be given in chapter 4. In 
addition, this chapter describes the finite time difference forms for equations of motion as 
well as the thermodynamic equations.  
 
Results and discussion will be presented in chapter 5. The effect of liquid viscosity and 
surface tension on bubble formation and volume will be discussed under various 
operating conditions. The comparison between theoretical predictions and experimental 
results will be addressed. 
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Bubble formation at a single submerged orifice has been extensively studied based on 
both theoretical and experimental work, which is a preliminary groundwork to fully 
understand the multi-orifices gas-liquid contacting equipments in practical industry. The 
various factors affecting the bubble formation frequency, bubble final volume and bubble 
shape have been pointed out and validated by many investigators, of which the liquid 
viscosity and gas-liquid interfacial tension are of importance, and modeling their 
influence is significant in the design of gas-liquid contacting equipment.  
 
This chapter briefly reviews the theoretical and experimental work in the literature with 
three categories: spherical, pseudo-spherical and non-spherical models.  
 
2.2 Overview of the literature models and forces introduced 
 
In this section the different literature models will be classified and shown in Table 2.1. 
Most of the models employ the equation of motion to analyze the formation of bubble, 
following the method proposed by Davidson and Schüler (1960a, b), which is developed 
by correlating the forces acting on the bubble surface. The forces appeared in the models 
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include buoyancy force bF , surface tension force σF , drag force DF , inertial force iF , 
force due to the momentum of gas mF , force due to the pressure differences between the 
gas in the bubble and the liquid pF  and so on. These forces and the corresponding 
formulas will be generalized in Table 2.1. 
 
Table 2.1 an outline for the literature models and forces 
Models Investigators Forces and formulas 
One-stage formation  
1. Davidson and Schüler 
(1960) Dib
FFF +=  
2. Hayes et al. and 



























Two-stage formation  
1. Ramakrishnan et al. 
(1969) iDb
FFFF =−− σ  
2. Tsuge and Hibino 
(1978) 
I-stage: Dib FFFF ++= σ  
II-stage: Dib FFF +=  
3. Miyahara et al. (1983) mDbi FFFF +−=  
Spherical models: 
Assume spherical shape of 
the bubble, which is less 
appropriate for the real 
bubble shape; 
Use an empirical or semi-





4. Gaddis and Vogelpohl 
(1992) iDmb
FFFFF ++=+ σ  
1. Pinczewski (1981) ( )3iFF =  
2. Terasaka and Tsuge 
(1990) mDbi
FFFF +−=  
Pseudo-spherical models: 
Use a spherical equation 
for gas circulation; 
Employ a spherical 
equation of motion to 
describe non-spherical 
bubble growth. 
3. Yoo et al. (1998) mDbi FFFFF +−−= σ  
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1. Marmur and Rubin 
(1976) ( )uMdtdFFp '=− σ  
3. Tan and Harris (1986) ( )uM
dt
dFFp =− σ  
Non-spherical models: 
Employ a dynamic force 
balance at the bubble 
interface and dispense the 
artificial criteria for 
detachment.  4. Liow and Gray (1988) ( )uM
dt
dFFp =− σ  
( ) ( )2,1 The first term on the left-hand-side is the force caused by the gas traveling through the orifice, 
0v  is the gas velocity through the orifice. epF  is the excess pressure force due to the pressure 
differences between the static pressure of the gas steam and pressure in the liquid at the top of the 
orifice plate. The term on the right-hand-side is the differential change in momentum of bubble, and v  
is the vertical average velocity over the surface of bubble. 
 
( )F3  is the vertical pressure force over the surface of bubble. 
 
2.3 Spherical models  
 
2.3.1 The model of Davidson and Schüler 
 
Davidson and Schüler (1960a, b) proposed a series of one-stage theoretical models to 
describe bubble formation at a single orifice submerged in inviscid and viscous liquids 
for both constant flow and constant pressure conditions, together with experimental 
investigation. For viscous liquids the experiments were carried out with liquids of high 
viscosity (0.5 Pa.s-1.04 Pa.s). The idealized sequence of bubble formation is indicated in 
Figure 2.1. They assumed the upward motion of the center of the bubble was determined 
by a force balance between the upward force due to buoyancy and the drag force due to 
viscosity and inertia. An orifice equation modified to include the hydrostatic and surface 
tension pressure was applied simultaneously to calculate the flow into the bubble.  
 
 









Fig. 2.1. One-stage bubble formation model in viscous liquid by Davidson and Schüler 
(1960a). 
 
The initial conditions are taken as the bubble radius ( 'r ) equal to the orifice radius ( 0r ) 
and with the center of the bubble in the plane of the orifice. The lift-off occurs 
continuously as a natural of consequence of the growth and rise of the bubble. The 
detachment is assumed to happen as the vertical distance ( y ) between the center of the 
bubble and the orifice is equivalent to the final bubble radius ( 'r ).  
 
They concluded the viscosity has a major effect on bubble size. For constant flow 
condition, the surface tension has no effect other than that due to the small forces arising 
from contact round the edge of the orifice. With constant gas pressure, the surface tension 
has an appreciable effect on the pressure in the bubble and so to some extent governs the 
flow into the bubble. 
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Hayes et al. (1959) investigated the formation of air bubbles at constant pressure with a 
large chamber volume at a submerged orifice for several liquids and correlated the 
formation of bubbles with the physical variables of the system by application of 
Newton’s second law of motion to the bubble at the instant just before release from the 
orifice, which is the base of models by Davidson and Schüler (1960a, b). 
 
Two types of bubble formation are described by both theoretical treatment and 
experimental research. At low gas flow rates the volume of the bubble remained 
relatively constant, but the frequency of bubble formation increased as the gas flow rate 
was increased. At the higher rates of gas flow the frequency of formation of bubbles kept 
relatively constant, but the volume of bubble increased with increasing gas flow rates. 
The researchers pointed out that at low gas flow rates the surface tension force was 
greater than the time rate of change of the momentum of the gas entering the bubble, 
while at higher rates of gas flow the order of magnitude of the two forces was reversed. 
Furthermore, the transition of the two regions occurred when the force due to the 
momentum is equal to the surface tension force, which can also be shown by the 
experiment. 
 
Sullivan et al. (1964) employed the similar mechanism of Newton’s second law applied 
to the motion of bubble near the instant of detachment from the orifice to study the air 
bubble formation with a wide range of liquids. The surface tension of the liquids varied 
                                                                                                                                Literature Review 
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from 0.0178 to 0.0724 N/m, and the liquid viscosities ranged from 310436.0 −×  to 0.713 
Pa.s.  
 
2.3.3 The model of Swope 
 
Swope (1971) developed a mathematical model for slow formation of gas bubble at 
circular orifice submerged in liquids with high viscosities ranging from 1 to 100 Pa.s in 
the intermediate regimes, that is, the regime between the constant flow and constant 
pressure regimes (Tsuge, 1986). The model was proposed for predicting the bubble 


















ρ= ) and Reynolds number, which was analytical and does not 
depend on semi-empirical coefficients. 
 
Similar to the models developed by Hayes et al. (1959), Newton’s second law is applied 
to the bubble as a system of variable mass and under conditions of slow formation in 
viscous liquids it is reduced to a fifth order algebraic equation for determining bubble 
volume. Four kinds of forces are considered including buoyant force, excess pressure 
force, surface tension force and drag force. For rapid bubble formation the force due to 
the inertia of the liquid of being pushed back by the bubble must be included, however, in 
that case, the bubble Reynolds number is of the order of 10-3 so that this inertia force is 
negligible compared with the viscous force. The author also pointed out that the 
formation process generates a circulation of the gas inside the bubble which intends to 
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lessen the drag force, so they employed a expression for the drag force which is 
characteristic of a bubble moving in the Hadamard regime (Wallis, 1969), 












3                                                                         (2.1) 
where bD  is the spherical bubble diameter, yV  is the steady bubble rise velocity, lµ  and 
gµ are liquid and gas viscosity, respectively. 
 
2.3.4 The model of Ramakrishnan et al. 
 
Ramakrishnan et al. (1969) presented a theoretical model aimed at predicting the bubble 
size with the influence of both liquid viscosity and surface tension, and explained the 
discrepancies in the literature data for constant flow conditions.  
 
Two stages of bubble formation namely the expansion stage and the detachment stage are 
employed in their model. The proposed mechanism is shown in Figure 2.2. During the 
first expansion stage the bubble expands with the bubble base fixed to the orifice while in 
the detachment stage the bubble base moves away form the orifice and connects the 
orifice through a neck. The first stage is assumed to end when the upward buoyancy is 
equal to the downward forces including the viscous force, surface tension force and 
inertial force. During the second stage the upward forces are larger than the downward 
forces and the bubble accelerates. The detachment occurs when the distance between the 
bubble center and the orifice plate is equal to the bubble radius at the end of the first stage 
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such that the sequent expanding bubble does not coalesce with the previous one. The 




Fig. 2.2. Two-stage bubble formation process by Ramakrishnan et al. (1969) 
 
The authors experimentally investigated the influence of three factors including liquid 
viscosity, surface tension and liquid density on bubble formation. They found that the 
values of bubble volume in two liquids with different surface tension were seen to be 
different at low gas flow rate but almost identical at higher flow rate, indicating that the 
contribution of surface tension to the bubble volume become negligible at higher gas 
flow rate. Also, they reported that bubble size increased with increasing liquid viscosity; 
the effect of liquid viscosity was large for liquids with low surface tension, orifices of 
small diameters and high gas flow rates; the effect was negligible at small gas flow rates. 
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Although they reasonably explained the discrepancies in the literature, some of their 
model predictions agree poorly with the experimental data.  
 
Following the model developed by Ramakrishnan et al. (1969), a series of studies in 
bubble formation built on two-stage model have been proposed by Satyanarayan et al. 
(1969) and Khurana and Kumar (1969) for the bubble formation under constant pressure 
and intermediate conditions, respectively. 
 
2.3.5 The model of Tsuge and Hibino 
 
To improve the agreement between the predictions and experimental reports, revised two-
stage spherical bubble formation models based on potential flow theory are proposed by 
several researchers (Kupferberg and Jameson, 1969; McCann and Prince, 1969; Wraith, 
1971).  
 
The models developed by Kupferberg and Jameson (1969) and McCann and Prince (1969) 
predict reasonably under a certain range condition, however, the predictions are still 
unsatisfactory for a wider range of variables due to the neglect of the effect of liquid 
viscosity. Tsuge and Hibino (1978) proposed an improved bubble formation model which 
mainly includes the effect of viscosity into the equations describing bubble formation at a 
single submerged single orifice to predict pressure fluctuations in the gas chamber. 
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The expansion stage will end when the net buoyancy force, inertial force, surface tension 
and viscous drag force acting on the bubble are in equilibrium. The bubble begins to rise. 
In the detachment stage, the bubble continues to grow while lifting up from the orifice 
plate with a neck connecting to the orifice. The bubble assumes to detach when the neck 
attains a specified length and breaks off. 
 
Tsuge and Hibino (1978) pointed out that the function of inertial and viscous forcesψ  
derived by Kupferberg and Jameson (1969) from the potential flow theory assuming a 
ideal liquid was not appropriate for a real liquid. Hence, it was assumed in the model that 
ψ  is expressed as the inertial term for the ideal liquid multiplied by a factor χ  which is a 
function of viscosity. The χ  coefficient is experimentally determined.  
















rdrlχρψ                                                                             (2.2) 
The equation of the radial bubble expansion is written as 


















⎛+=−                                                                (2.3) 
where r  is the equivalent radius of the spherical bubble. 
The expansion stage ends when the force balance equation holds, 
















⎛=                                             (2.4) 
where the term on the left-hand-side represents the buoyancy force and the terms on the 
right-hand-side represent the inertial force, surface tension and viscous drag force, 
respectively. M  is the virtual mass for ascending motion of bubble. 
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The equation of motion for the bubble in the detachment stage is built by considering the 
inertial force, the net buoyancy force and the viscous drag force, 















⎛                                                          (2.5) 
where y  is the vertical distance of the bubble center from the orifice plate. 
 
The authors employed the DC -Re relations of Tadaki et al. (1961) and Kubota et al. 
(1967) for a single bubble rising in purified liquids to build up the approximate equation 
for DC .  
 
Tsuge and Hibino (1983) extended their earlier model to introduce the rate of gas 
momentum into the equations of motion for expansion and detachment stages. They 
studied the effect of some variables on bubble volume, such as gas chamber volume, 
orifice diameter, physical properties of gas and liquid and velocity of surrounding liquid. 
 
2.3.6 The model of Miyahara et al. 
 
Miyahara et al. (1983) investigated the effects of liquid viscosities on bubble formation 
both experimentally and numerically at high gas flow rate. The liquid viscosities range 
from 0.001 to 0.147 Pa.s. The theoretical model is modified on a base of two-stage model 
by Takahashi and Miyahara (1976). The effect of surface tension is assumed to be 
negligible.  
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Assuming the spherical bubble shape during formation stage, the correlating equation for 
the drag coefficient DC  is used as, 
Re
161+=DC                                                                                                 (2.6) 
 
They found that the surface tension and viscosity of the liquid had no appreciable effect 
on the bubble volumetric mean diameter; however, there is a slight increase in the bubble 
volumetric mean diameter as the viscosity increased at low gas flow rates. 
 
Miyahara and Takahashi (1984) experimentally studied bubble volume in single bubbling 
regime with weeping at a single submerged orifice, and the liquid viscosity was taken 
into account, which ranged from 0.001 to 0.135 Pa.s. A two-stage theoretical model is 
employed to predict the bubble volume corresponding to the experimental conditions 
concerned. The bubble pressure derived by McCann and Prince (1969) is modified to 
consider the effect of viscosity for a real liquid. The calculated values are larger than the 
experimental ones at small gas flow rates for large chamber volume. 
 
2.3.7 The model of Gaddis and Vogelpohl 
 
To avoid the complicated computational procedure (Maumur and Rubin, 1976; 
Pinczewski, 1981) and extend the applicability, Gaddis and Vogelpohl (1986) developed 
a simple theoretical equation for bubble formation in quiescent viscous liquid under 
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constant volumetric gas flow in the form of two-stage. Two approaches are used in 
predicting the bubble detachment volume:  
 
(1) An empirical detachment criterion, expressed by a relation between the length of 
the bubble neck at the moment of bubble detachment and some relevant 
parameters, is introduced, and in some cases, an empirical value is included in the 
final equation, the value of which is determined to give the best fit for some 
experimental measurements. 
 
(2) The bubble detachment volume is calculated from the bubble volume at the end of 
the expansion stage plus the excess volume corresponding to the gas flow in the 
bubble through the neck during the detachment stage. Again in the model the 
excess volume is related empirically to some dimensionless parameters. 
 
Five forces are introduced to the equation of motion in the detachment stage, including 
the buoyancy force bF , force due to the momentum of gas mF , surface tension σF , 
viscous drag force DF , and inertial force iF . A balance of forces exists at the moment of 
bubble detachment, 
                  iDmb FFFFF ++=+ σ                                                                                  (2.7) 
 
At small Reynolds numbers ( 1.0Re ≤ ), the total drag of a sphere is mainly due to the 
viscous forces, and the drag coefficient is given by, 
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Re
24=DC                                                                                                         (2.8) 
At high Reynolds numbers ( 310Re > ), the total drag is mainly from drag. It is to be 
expected that the drag coefficient of large bubbles during their formation period lies in 
the range 6.24.0 << DC  (clift et al., 1978). The authors assumed that the drag 
coefficient DC  was equal to unity at high Reynolds number, and using superposition 
gave the expression of DC  for the whole Reynolds number range, 
1
Re
24 +=DC                                                                                                 (2.9) 
It was reported that the equations showed a 10% uncertainty in the drag coefficient at 
high Reynolds numbers which led to less than 1% errors in the calculated bubble 
detachment diameter. 
 
2.3.8 The model of Deshpande et al. 
 
Based on the two-stage bubble formation model by Ramakrishnan et al. (1969), 
Deshpande et al. (1992) proposed a different approach to estimate times for bubble 
closure in the second stage. The angle that is made by the center of the bubble with the 
edge of the orifice is defined to calculate the time of bubble closure through its rate of 
change with time. The interaction between the primary bubble and subsequent bubbles 
formed at the orifice is taken into account in the mode at high gas flow rates. The authors 
reported that bubble interaction was significant for high liquid viscosities and high flow 
rates, and the degree of these interactions increased as the liquid viscosity and gas flow 
rates increased and as the orifice diameter decreased. 
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2.4 Pseudo-spherical models 
 
The spherical models for bubble formation mentioned in the section 2.3 assume that 
bubble growth and translation are governed by a force balance on the bubble as it 
develops. The idealization of bubble shape in spherical models is progressively less 
adequate at higher gas flow rate and higher system pressures. Moreover, in practice many 
experiments have shown the bubble shape grows in the non-spherical form even for small 
gas flow rate. Another drawback is that spherical bubble formation models rely upon an 
arbitrary empirical criterion for detachment. To overcome these shortcomings, the 
pseudo-spherical models for bubble formation at a submerged orifice have been 
developed by some researchers (Siemes, 1954; Pinczewski, 1981; Terasaka and Tsuge, 
1990, 1991, 1993; Tsuge et al., 1992; Yoo et al., 1998; Li et al., 2002) 
 
2.4.1 The model of Pinczewski 
 
Pinczewski (1981) developed a pseudo-spherical model based on the modified Rayleigh 
equation for bubble expansion into which the effect of gas momentum is included by 
assuming the flow in the expanding bubble in the form of a circulating toroidal vortex. In 
this model the bubble interface is divided into a number of two-dimensional 
axisymmetric elements which are characterized by two principal radii of curvature as 
shown in Figure 2.3. An initial expansion stage is described by the modified Rayleigh 
equation for the case of a spherically expanding bubble: 
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⎛+=− ∞                    (2.10) 
where the four terms on the right-hand-side represent the inertia, surface tension, viscous 
contributions and the pressure distribution at the interface due to gas motion, respectively. 
The equation is equally valid for any point on a pseudo-spherical surface where R is 
defined as the equivalent radius of the surface as follows: 







σσ                                                                                                (2.11) 
 
The liquid pressure at any point on the bubble surface, lP , is related to the pressure 
within the bubble, bP , by 
           
R
PP bl
σ2−=                                                                                                       (2.12) 









11 ρ                                                                                         (2.13) 
where F is upward force obtained by integrating the vertical component of the liquid 
pressure over the surface of the bubble. When F is negative (early stage of bubble 
growth) the bubble remains on the plate floor and the bubble surface expands radially. 
When F becomes positive the bubble lifts off the plate floor and the motion consists of 
both radial expansion and vertical translation.  
 
Although the model predictions were in good agreement with available experimental data, 
there are some inadequacies that had been pointed out by Tan and Harris (1986), one of 
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which is the use of a spherical equation of motion to describe non-spherical bubble 
growth and gas circulation, and the other is the two-stage approach to bubble formation 
modeling which has been shown by LaNauze and Harris (1974b) to contain fundamental 















Fig. 2.3. Schematic of pseudo-spherical bubble formation model by Pinczewski (1981) 
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                                                                                                                                Literature Review 
 22
Based on the Pinczewski (1981) model, Terasaka and Tsuge (1990) proposed a pseudo-
spherical bubble formation model in highly viscous liquids (0.118-1.11Pa.s), which 
considered the viscous resistance in the equation of motion for the rising bubble and 
modified the application of equivalent radius defined by Pinczewski (1981). The bubble 
surface is divided into a number of two-dimensional axisymmetric elements, which are 
characterized by two principal radii of curvature 1R  and 2R  as shown in Figure 2.4. 1R  is 
the radius of the circle which has center O  and passes through the elements ,1−j  j  and 
1+j , and the other radius 2R  is the distance from the bubble’s symmetrical axis to the 
element j  through the point O . The pressure balance on each element is calculated by 
the same modified Rayleigh equation as that in Pinczewski’s model (1981), except that 
the equivalent radius R ( ( )21 111 RRR += /2) is only applied for surface tension and 2R  
is used for inertial and viscous forces as the characteristic radius. 
 
They assumed a two-stage bubble formation process which included expansion and 
vertical translation stages. The pseudo-spherical model gave the following assumptions: 
(a) The bubble is symmetrical about the vertical axis of the orifice. 
(b) The bubble motion is not affected by the presence of the other bubbles. 
 
On the element j , it is supposed that the bubble sphere is a sphere with radius 2R . The 






















⎛+=−                                           (2.14) 
 













Fig. 2.4. Pseudo-spherical bubble formation model by Terasaka and Tsuge (1990) 
 
By including a viscous term into the motion equation of rising bubble in Pinczewaski 
(1981) model, the equation of vertical translation was described by inertial, buoyancy, 
viscous drag force and gas momentum rate through an orifice as follows: 





















⎛                               (2.15) 
DC  is the drag coefficient, which is a function of the Reynolds number. However, the 
authors did not refer the correlation of DC  they employed in the model. mD  is the 
maximum horizontal diameter of the bubble and is used as the characteristic diameter of a 
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rising bubble. 0s  represents the vertical distance from orifice plate in their model. D  is 
the diameter of orifice. 
 
2.4.3 The model of Yoo et al. 
 
Yoo et al. (1998) investigated bubble formation at high pressures following the equations 
proposed by Terasaka and Tsuge (1992), in which the change in surface tension due to 
system pressure was presented to estimate the bubble volumes. The surface tension for 
gas-liquid systems in their research was calculated from the data provided by Massoudi 
and King (1974). They draw the conclusion that the bubble volumes decrease with 
increasing system pressure and increase with increasing gas flow rate since the increase 
in system pressure leads to an increasing in the gas momentum rate and a decrease in 
surface tension. The authors proposed that the surface tension should be considered as a 
function of system pressure especially for the CO2- saturated water system. 
 
2.5 Non-spherical bubble formation models 
 
Non-spherical models of bubble formation at a single submerged orifice have been 
reported by Marmur and Rubin (1976), Hooper (1985), and Tan and Harris (1986), which 
are able to represent more closely the actual bubble shapes during formation and 
overcome the shortcoming of spherical bubble formation such as an arbitrary empirical 
criterion of detachment assumed and the concept of bubble lift-up from the orifice 
(Marmur and Rubin 1976; LaNauze and Harris, 1974b).  
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2.5.1 The model of Marmur and Rubin  
 
The non-spherical bubble formation model at a single orifice was first proposed by 
Marmur and Rubin (1976), in which the gas-liquid interface is divided into a number of 
elements. The equations of motion for the gas-liquid interface were developed by a force 
balance on each interfacial element. The forces causing the movement of the interface are 
due to the pressure difference between the gas and the liquid and by surface tension. It is 
assumed that the influence of liquid viscosity is negligible, except for the immediate 
vicinity of the orifice plate. For a static interface these forces are in equilibrium, but in 
dynamic formation the resultant of these forces is equal to the rate of change in the 
momentum. In their model the gas momentum is neglected. The momentum of the liquid 
was calculated using the added mass concept and the velocity of interface, and the inertial 
mass is assigned to each differential element of the interface, which is equal to the 
instantaneous mass of liquid being accelerated, multiplied by the added mass coefficients.  
 
The gas pressures in the bubble and in the chamber were calculated by using the first law 
of thermodynamics to the bubble and chamber respectively. The instantaneous flowrate 
of gas through the orifice, which is not necessarily equal to the rate of bubble growth, is 
given by an orifice discharge equation. The pressure difference between gas in the bubble 
and liquid adjacent to the gas-liquid interface is computed by Bernoulli’s equation, 
neglecting the term of time derivatives.  
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In contrast with spherical models, the Marmur and Rubin model is able to compute 
continuously the instantaneous shape of bubble during its formation. Also the model does 
not require an arbitrary experimental criterion widely used in spherical models, because 
the instantaneous of detachment occurs naturally at the time when the neck attains zero 
width. 
 
2.5.2 The model of Hooper 
 
Hooper (1986) described a boundary element method to determine the bubble phenomena. 
The unsteady surrounding liquid flow caused by the expanding and rising bubble is 
determined in the detachment process of the bubble. The surrounding liquid is assumed to 
be inviscid and the flow is irrotational, which means that the velocity of the liquid (u ) 
can be expressed in terms of a velocity potential (φ ). The equation for the motion of the 
liquid comes from Bernoulli’s equation as  






1 2u                                                           (2.16) 
where C is an arbitrary function of t, and z is the axial coordinate. As 
.0, →+∞→ gzPz ll ρ  Hence C is set to be zero. 
Equation (2.16) is written in Lagrangian form as follows: 








1 2u                                                                     (2.17) 
The pressure in the bubble related to the liquid pressure by the boundary condition can be 
calculated from the thermodynamic equations for the gas. 
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The authors pointed out that the surface tension has been taken to be zero in the 
computational solution because small fluctuations in the bubble surface can create quite 
large fluctuations in surface curvature, and the large fluctuations can occur in φ  at the 
bubble surface which eventually cause the numerical procedures to become unstable. The 
neglect of surface tension could explain why the simulated numerical results do not 
exactly match the equivalent experimental results. 
 
2.5.3 The model of Tan and Harris  
 
The non-spherical model proposed by Marmur and Rubin (1976) remains attractive for 
representing a more realistic bubble formation process than previous spherical models, 
however, they have neglected the effect of gas momentum and liquid circulation around 
the bubble on bubble formation, which have been demonstrated to be significant for 
bubble formation at high system pressures by LaNauze and Harris (1974a) and affecting 
bubble detachment by Hooper (1986) respectively.  
 
An empirical added mass coefficient of 0.85 is used in Marmur and Rubin model to 
provide a good fit to the experimental data, which is in contrast to the widely used value 
of 11/16 (Davidson and Schüler, 1960; Terasaka and Tsuge, 1990). The value of 11/16 is 
based on the hydrodynamics of a sphere moving perpendicularly to the wall in an inviscid 
fluid (Milne-thomson, 1968a).  
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To avoid the limitations described above Tan and Harris (1986) developed an improved 
model based on the interfacial element approach proposed by Marmur and Rubin (1976) 
which includes the effect of gas momentum and liquid motion for a wide applicability 
with bubbling system under high system pressure and high gas flowrates. A correction on 
the orifice equation is given for simulating the significant effect of necking on the flow of 
gas into the bubble near the instant of detachment. The model predicted very well the 
experimental results reported by Kupferberg and Jameson (1969), LaNauze and Harris 
(1974a) and Tsuge and Hibino (1978) for bubble growth rate and variation of pressure in 
the gas chamber below the orifice for both atmospheric pressure and high system 
pressures.  
 
The pressures in the bubble and gas chamber are calculated by applying the first law of 
thermodynamics to the system. A gas kinetic energy term is incorporated into the 
thermodynamic equation for gas flow because this term may affect the bubble pressure 
significantly with the small volume of gas in the bubble. Expressing the kinetic energy in 











⎛= ρ                                                                                   (2.18) 
where ..EK  means the kinetic energy of the gas through the orifice, 0a  is the cross-
sectional area of the orifice and q is the instantaneous gas flow rate through the orifice. 
 
The effect of liquid motion is modeled using potential flow theory and Bernoulli’s 
equation. The liquid velocity is expressed as 
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φ∇=u                                                                                                          (2.19) 
where φ  is the liquid potential. 
 








ρρφ u                                                     (2.20) 
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Characterizing r , z  and φ  by arc length like Hooper (1986), 
( )srr = , ( )szz = , ( )sφφ =                                                                           (2.22) 









∂=φ                                                                                       (2.23) 
so ( ) ( ) ds
ds
ds
s∫+= 00 φφφ                                                                                                 (2.24) 
Finally, at each interface element,  
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2.5.4 The model of Liow and Gray 
 
Liow and Gray (1988) developed a mathematical model for predicting and verifying the 
formation of bubbles in wetting and non-wetting liquid metal systems in which semi-
empirical formulas were employed mostly to relate the bubble volumes and formation 
times to dimensionless numbers before. The non-spherical mathematical model for 
bubble formation proposed by Tan and Harris (1986) for air-water was modified to 
predict the bubble formation in the argon-pig iron system. 
 
Two kinds of models are described as the chamber volume model and the tuyere model. 
The first model represents the gas chamber as a vessel of constant pressure with an 
orifice plate separating it from the bulk liquid. The tuyere represents the gas chamber as a 
pipe along which a constant pressure drop occurs. The derivation of the mathematical 
equations for the force balance, thermodynamic equations for the gas flow in the chamber 
volume model and the liquid potential follow that of Tan and Harris (1986). In the tuyere 









































l  is the length of tuyere. 
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The contact angle was found to play an important role in determining the size of the 
bubble formed and was taken into account in the boundary conditions, 
,0=z  ( )βπ −=∂
∂ tan
r




Compared with the spherical and pseudo-spherical models for bubble formation at a 
single submerged orifice from the literature, the non-spherical bubble formation model 
remains more advanced due to the fact that it can predict the dynamic process for bubble 
formation and present a more approximate bubble growth shape. In addition, the non-
spherical bubble formation model discards the empirical criterion for bubble detachment 
which is widely employed by spherical bubble formation models.  
 
However, the previous non-spherical models neglected one or more important parameters 
which affect bubble growth such as liquid viscosity and surface tension. The objective of 
the present work is to develop a model which can be used to predict bubble formation for 
a wide range of conditions. 
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A detailed theoretical model description is presented for bubble formation process at a 
single submerged orifice in Newtonian liquids based on the interfacial element method 
proposed by Tan and Harris (1986). Liquid viscosity and gas-liquid interfacial tension are 
important variables affecting gas bubble formation and the modeling of their influence is 
significant in the design of gas-liquid contacting equipment. The equations of motion and 
thermodynamic system are outlined in this chapter.  
 
3.2 Bubbling system and assumptions 
 
A schematic diagram of bubbling system under investigation is shown in Figure 3.1. It 
contains a gas chamber of volume cV  above which an orifice plate submerges in a liquid 
with depth H . sP  is the system pressure above the liquid. Gas flows into the gas 
chamber at a constant flow gQ  and constant pressure aP . During the bubble formation 
process gas flows through the orifice with an instant rate of q , which is determined by 
the pressure in the bubble bP  as well as pressure in the gas chamber cP .  
 
 














Fig. 3.1. Schematic diagram of bubbling system 
 
The present theoretical model developed for the system is based on the following 
assumptions: 
(1) The bubble is symmetrical about the vertical axis of the orifice during its growth. 
(2) The volume of the liquid around the bubble is very large compared with the 
volume of the bubble, so the wall effect is not considered in this model. 
(3) The gas in the chamber and in the bubble is ideal and the flow is adiabatic. 
(4) The pressure within the bubble as well as the pressure in the gas chamber is 
uniform during the bubble formation. 













3.3 Equations of motion 
 
3.3.1 Force analysis based on the interfacial elements 
 
The interfacial element approach assumes that the gas-liquid interface is divided into a 
number of small elements. Based on the assumption of axial symmetry referred in section 
3.2, the three-dimensional interfacial element can be simplified to a two-dimensional one, 
with a coordinate ( )ii zr ,  as shown in Figure 3.2. Each point represents middle-point of 
an interfacial element which is assigned an added mass corresponding to the mass of 
liquid displaced. The motion of gas-liquid interface is dominated by force balance acting 



















( )ii zr ,
Gas
Liquid 
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Figure 3.3 shows a three-dimensional differential element of the interface and forces on it. 
pF  is caused by the pressure difference between the gas in the bubble and the liquid; σF  
is due to the surface tension, and  DF  is due to the liquid viscosity. For a static interface 
these forces are in equilibrium, but in dynamic bubble formation process the resultant of 
these forces is equal to the rate of change in the momentum. The relationship is expressed 
for an interfacial element by: 
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where iM  is the virtual mass for each interfacial element, iu is the velocity for  each 
interfacial element in the liquid. 
 
Because of the assumption of symmetry, the three-dimensional bubble can be simply 
analyzed in a two-dimensional way with r  and z  being the radial and axial coordinates 
for each interfacial element as a function of time as shown in Figure 3.3, and only one 
side of the bubble needs to be considered. Thus for each element, Equation (3.1) is 
further modified as follows: 



















∂−∆ ρσϕ                                                           (3.3) 
where the three terms on the left-hand-side represent the pressure, surface tension and 
viscous contributions, respectively. ru  and zu  are the velocities of each element in r -
direction and z -direction, respectively. 
 
ϕ  is the angle between the gas-liquid interface and the horizontal plane defined as: 









dzϕ                                                                                          (3.4) 
 
p∆ is the pressure difference between the gas in the bubble and the liquid. p∆  is 
calculated by Bernoulli’s equation in which the term accounting for time derivatives is 
neglected: 
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+++−=∆ ρρ                                                                         (3.5) 
 
where 0P  is the hydrostatic pressure at the orifice plate ( gHPP ls ρ+=0 ). 
 
The drag force due to the liquid viscosity is expressed in terms of the drag coefficient for 
each interfacial element as 
( ) iilDiD AuCF 22
1 ρ=                                                                                 (3.6) 
where DC  is the drag coefficient, iA  is the area for each interfacial element. The force 
expression has been introduced to the equations of motion (3.2) and (3.3) in cylindrical 
coordinates as a function of time. 
 
The drag coefficient DC is a function of the Reynolds number, and is given by Clift et al. 
(1978): 
78.0Re









+=DC       for     2Re <                                                                           (3.7b) 
where κ [ /g lµ µ= ] is the viscosity ratio with gµ  and lµ  being the gas and liquid 




ρ=Re  is the Reynolds number with eD  being the 
equivalent diameter of bubble.  
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3.3.2 Calculation of the virtual mass 
 
The calculation of virtual mass in the equations of motion requires an instantaneous 
inertial mass assigned to the bubble interface, which is called the added mass or 
hydrodynamic mass. The virtual mass of bubble is given by 
          'MMM b α+=                                                                                                      (3.8) 
where bM  is the mass of gas in the bubble. 
'M  is the added mass or the mass of liquid 
displaced by the motion of gas-liquid interface. The presence of liquid has been proved to 
be able to effectively increase the mass of a moving body by the added mass or 
hydrodynamic mass 'M . Thus all moving bodies, if the motion takes place in a medium, 
should be affected by added mass, so that the mass of the moving body is taken as the 
virtual mass of 'MM b α+  (in this case the moving body is bubble), where the added 
mass coefficient α  depends on the shape of the body and the nature of motion. Here α  
is taken as 11/16 for the case of a sphere moving in a direction perpendicular to a wall in 
an inviscid liquid (Milne-Thomson, 1968a, Davidson and Schüler, 1960). This value is 
regarded to be an average value of the added mass coefficient for a bubble forming above 
a horizontal orifice plate plane. For a viscous liquid, the virtual mass term represents a 
reasonable approximation of the effect due to inertia (Tsuge, 1986). If bubble formation 
occurs at a submerged nozzle, the added mass coefficient α  is taken as 0.5, the value for 
a bubble translation in an infinite medium (Walters and Davidson, 1963).  
 
For a growing bubble, the virtual mass is 
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           ( ) blb VM αρρ +=                                                                                                  (3.9) 
where bρ  and lρ  are the gas density in the bubble and liquid density respectively. bV  is 
the bubble volume. 
 
During the dynamic bubble formation process the finite change of the virtual mass for 
each interfacial element with time can be written by: 
            ( ) ilbi VM ∆+=∆ αρρ                                                                                         (3.10) 
 
iV∆  is the additional volume of the liquid displaced by the motion of the interface 
element. It will be positive when the interfacial velocity u  points outwards to the liquid 
phase, and negative when it points to the gas phase. In that case three possible situations 
following those by Tan and Harris (1986) are presented for the detailed expression for 
equation (3.10):  
 
(1) When the interfacial element moves toward the liquid phase, it has to do work 
against the liquid inertia. The displace volume iV∆  is positive and the virtual 
mass increases by 
( ) ilbi VM ∆+=∆ αρρ                                                                                         (3.11) 
 
(2) When the interfacial element moves inwards to the gas, no additional liquid is 
being accelerated. The virtual mass keeps constant: 
0=∆ iM                                                                                                            (3.12) 
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(3) If the total swept volume during inward motion becomes greater than the total 
displaced during outward motion, the additional volume is taken into account 
again and the change of virtual mass is given by 
( ) ilbi VM ∆+=∆ αρρ                                                                                       (3.13) 
 
3.4 Thermodynamic equations 
 
The instantaneous pressure in the gas bubble is required for calculation of the pressure 
difference in equations of motion. According to the assumption that has been stated the 
gas in the chamber and bubble are uniform and behaves ideally and adiabatically. The 
pressure within bubble can be derived through its thermodynamic relations to the 
pressure in the chamber as well as the instantaneous flowrate through the orifice. The 
derivation in this section follows that of Tan and Harris (1986). 
 
A mass balance on the chamber gives 
                   qQ
dt
dV cgacc ρρρ −=                                                                                  (3.14) 
where aρ  and cρ  are the gas density at supply and in the chamber, respectively. 
 
The first law of thermodynamics is applied for the system of the gas in the chamber and 
leads to the following expression, 





c −= γ                                                                               (3.15) 
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Similarly, the equation for the gas in the bubble is 














ργγγ −+=+                                                        (3.16) 
where aP is the constant pressure at the supply corresponding to the gas flow rate gQ . γ  
is the adiabatic exponent for the gas. bP  and cP  are the pressures in the bubble and in the 
gas chamber. bV  and cV  are the volumes of the bubble and the gas chamber respectively. 
q is the instantaneous gas flow rate through the orifice into the growing bubble, which is 
not necessarily equal to the rate of the bubble growth.  
 
The pressure in the bubble bP  is related cP  in the gas chamber by the orifice equation 
                  
g
bc PPCaq ρ
−= 0                                                                                         (3.17)  
where C  is the dry-plate orifice coefficient which is determined experimentally.  
 
 “Necking” can significantly influence the flow of gas into the bubble near the instant of 
detachment. For the necking case, 
              
g
bc PPaCq ρ
−= 0'                                                                                        (3.18) 
The effective orifice coefficient 'C  is given by: 
( )A
CC += 1















γ ,  ir   is the neck radius.  
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The four unknowns bP , cP , q  and cρ are easily solved by a finite time difference method 




A modified theoretical model simulating bubble formation process at a submerged orifice 
in viscous liquids has been presented. The effect of liquid viscosity is considered through 
incorporating the viscous drag force into the equations of motion developed by using the 
interfacial element approach. The thermodynamic equations for calculating the pressure 
in the bubble and in the gas chamber and the instantaneous gas flowrate through the 
orifice follow those of Tan and Harris (1986). The modified bubble formation model can 
simulate the dynamic bubble formation consequences in viscous liquids and eliminate the 
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This chapter describes the numerical solution for the mathematical model presented in 
chapter 3 using an explicit finite-difference technique, which includes initial and 
boundary conditions, finite difference versions of equations of motion and 
thermodynamic equations and computation procedure.  
 
The interfacial coordinates representing the bubble surface are calculated by a finite time-
difference approach. The instantaneous bubble volume at each time step is obtained by 
numerical integration assuming that the bubble is a volume of revolution around it 
vertical axis. 
 
As a bubble grows, the interfacial elements near the orifice begin to move inwards to 
form a neck above the orifice. Once the radial coordinate for one of the interfacial points 
becomes zero, the detachment is assumed to occur. The final bubble volume is calculated 
by the volume enclosed by the bubble envelope above the point of detachment.  
 
4.2 Initial conditions 
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Initially the bubble interface is assumed to be a hemisphere with a radius equal to the 
radius of orifice (Kupferburg and Jameson, 1969; LaNauze and Harris, 1974; Marmur 
and Rubin, 1976; Tan and Harris, 1986). The bubble interface is equally divided into a 
number of points (N), and each point represents the center of each interfacial element. 
Neglecting the wake effect of the preceding bubble the bubble is assumed initially to be 
in static equilibrium with the surrounding liquid. The velocities of each element are set to 
be zero. The initial pressures in the bubble and in the gas chamber are taken to the sum of 
the hydrostatic pressure ( 0P ) at the orifice and the pressure due to the surface tension 
( 02 rσ ); and the gas flowrate into the bubble through the orifice is equal to zero: 
           ( ) ( ) 000 2200 rgHPrPPP lscb σρσ ++=+==                                                  (4.1) 
            ( ) 00 =q                                                                                                                (4.2) 
where sP  is the system pressure, H  is the liquid depth above the orifice plate and 0r  is 
the radius of the orifice. 
 
The initial volume iV  per unit angle of revolution about the bubble axis is divided among 
the element shown in Figure 4.1. The virtual mass iM  for each interfacial element is: 
            ( )lbii VM αρρ +=                                                                                                (4.3) 
             ii rrV
2
03
1ω=                                                                                                         (4.4) 
where 
N2
πω =  
 
 











Fig. 4.1. Initial volume of an interfacial element pre unit angle of revolution 
 
4.3 Boundary conditions 
 
(1) At the apex of the bubble ( 0=r ), the point movies on the symmetrical axis of the 
bubble. 
(2) The point contacting the orifice plate remains fixed at the rim of the plate for the 
whole bubble growth. 
(3) The bubble interface does not cross the orifice plate. 
 
4.4 Finite time-difference procedure 
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 The equations of motion described in Chapter 3 are as follows: 











ϕσ                              (3.2) 







∂−∆ ρσϕ                                                (3.3) 
 
To obtain the coordinates of interface elements, the equations of motion have to be 
written in the form of finite difference, assuming the bubble interface is divided into N  
elements.
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Ni ,2=                                                                                                                             (4.5) 
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Ni ,2=                                                                                                                             (4.6) 
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where subscript i  represents the interfacial element, starting from the top of the bubble, 
and n  counts the time steps. 
 
The new coordinates for each interfacial element can easily obtained by arranging the 
two equations.  








−                                                                 (4.7) 








−                                                               (4.8) 
where 3L  and 4L  are the left-hand-sides of equations (4.5) and (4.6), respectively. 
 
The pressure and the angle ϕ  is computed according to: 
           















−−ρρ                                         (4.9) 










zzϕ                                                                       (4.10) 










rrϕ                                                                      (4.11) 
 
4.4.2 Finite difference versions of thermodynamic equations 
 
The thermodynamic relations are shown as: 
             qQ
dt
dV cgacc ρρρ −=                                                                                        (4.12) 
                                                                                                                             Numerical Solution 
 48





c −= γ                                                                                     (4.13) 















ργγγ −+=+                                                             (4.14) 
The orifice equation is expressed as: 
             
g
bc PPaCq ρ
−= 0'                                                                                             (4.15) 
 
Writing equation (4.12) in the finite difference form: 











ρρρρρ                                                                 (4.16) 
where n  still counts the time steps. 
Rearranging the equation: 

















h ρρ  
 
Equation (4.13) can be written as: 
















∆+= − γ12 2  
 
In a similar way, equation (4.14) can be written as: 
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− γρργ                        (4.19) 
where ( ) 113 2 −−+= nbnbnb PVVh  
and ( ) ( )114 −− −++= nbnbnbnb VVVVh γ  
 
The orifice equation is written in the form of finite difference: 
            












                                                    (4.20) 
where 0
'
5 aCh =  
 
Equations (4.17), (4.18), (4.19) and (4.20) can be combined to give a quadratic equation 
for q  as follows: 






4 =++++ bqbqbqbqb                                                                       (4.21) 
where: 
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The instantaneous gas flow rate q  through the orifice can be obtained using the Newton-
Raphson approach, and the instantaneous pressures bP , cP  and gas density cρ  in the 
chamber are easily calculated by back substitution. 
 
4.5 Calculation of interfacial coordinates 
 
The interfacial coordinates composing the bubble surface are obtained by solving the 
finite difference equations of motion (4.7) and (4.8) given in section 4.4.1. The iterative 
method is carried out to solve the equations due to the fact that the value of virtual mass 
( )tM i  is also from the interfacial coordinate ( )tri  and ( )tzi . Figure 4.2 shows a section of 
the gas-liquid interface change with times.  
 
( )nM i  denotes the nth guess for iM  at time t . 'iM  represents the value of iM  at time 
tt ∆−  and ε  is the tolerance with a value 610− . The iterative procedure can be written as 
follows: 
 
(1) When n = 0, set ii MM ⇒' . 
(2) Calculate ir  and iz  from equations (4.7) and (4.8) at time t . 
(3) Compute iV∆  by ( ir , iz ) at time t  and ( 'ir , 'iz ) at time tt ∆− . 
(4) Calculate ( ) ilbi VM ∆+=∆ αρρ . 
(5) Evaluate ( ) iii MMnM ∆+=+ '1  











ii 1 , converging. 
(7) Else, set n = n+1, and return to (2). 
 
The new coordinates ( )tri  and ( )tzi  are produced when convergence occurs. The process 













Fig. 4.2. Volume change of interfacial element with time 
 
4.6 Simulation of bubble growth process 
 
r
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The simulation procedure for bubble formation process is shown in Figure 4.3. The 
simulation step begins with an assumed hemispherical bubble shape and the initial 
conditions described in section 4.2. Then the initial interfacial coordinates for each 
element and bubble volume can be obtained. After time increment, the new interfacial 
coordinates of the bubble are calculated by the iterative procure in section 4.5. 
 
Bubble volume at each time step is computed by a numerical integration of the new 
coordinates for each interfacial element. The new bubble volume is then used to calculate 
the new chamber and bubble pressure and gas flow rate through the orifice. 
 
The time step used for numerical computation is set at 1µs. The cross section of the 
bubble is divided into 50 points, which will be sufficient to represent the bubble interface. 
The spacing between adjacent points is kept relatively uniform by deleting the points 
which grow too close together and adding points as the point spacing between them 
becomes too large. 
 
Detachment of the bubble from the orifice is assumed to occur when the neck which 
develops during the formation becomes zero width. This is determined by the dynamic 
bubble formation process and will happen as one of interfacial points crosses the axis 




















































Fig. 4.3.  Flowchart of computation procedure  
Initialize bubble shape, bubble 
and chamber pressure 
Calculate the coordinates for each 
interfacial element by solving the 
equations of motion 
Compute bubble volume 
Evaluate orifice gas flow 
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CHAPTER 5           RESULTS AND DISCUSSION 
 
 
In this chapter the model predictions will be compared with the experimental data from 
LaNauze and Harris (1974a), Tarasaka and Tsuge (1990), Ramakrishnan et al. (1969), 
Datta et al. (1950) and Davidson and Schüler (1960b). 
           
Section 5.1 compares the simulated bubble growth curve with experimental data and the 
predicted bubble growth curve and shape during formation in inviscid and viscous liquids, 
respectively. The effect of viscosity on bubble volume is shown in section 5.2. Section 
5.3 presents the influence of surface tension on bubble volume. The comparison between 
the model predictions and experimental values will be outlined in section 5.4. In section 
5.5 the modified Reynolds 'Re  will be discussed, and the calculated values of 'Re  
corresponding to the experimental conditions are presented. 
 
5.1 Bubble growth curve and bubble shape during formation 
 
Figure 5.1 compares the simulated bubble growth rate with the experimental data form 
LaNauze and Harris (1974a) for the following experimental conditions:  
 
CO2-water system 
cV = 375 cm3 
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µ = 0.001 Pa.s  
0r = 0.16 cm 
gQ = 10 cm3/s  
 
The computed results are in good agreement with the experimental bubble growth data.  













   Exp. data














Fig. 5.1. Bubble growth rate with time. Experimental data from LaNauze and Harris 
(1974a). System:CO2-water, cV = 375 cm3, µ = 0.001 Pa.s, 0r = 0.16 cm, gQ = 10 cm3/s. 
 
Figure 5.2 shows the comparison of simulated bubble growth process of N2 bubbles in 
low and high viscosity liquids for the same operating conditions: 
 
cV = 375 cm3  
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0r = 0.16 cm  
gQ = 10 cm3/s 
 
Except for the liquid viscosities, which are 0.001 Pa.s and 0.154 Pa.s corresponding to 
water and 92wt% glycerol. The computed bubble shapes for these conditions are shown 
in Figure 5.3 (a) and (b) for water and 92wt% glycerol respectively.  










       Liquid      Viscosity (Pa.s)
        water           0.001            














Fig. 5.2. Comparison of bubble growth rate between bubble formation in inviscid and 
viscous liquids. System: cV = 375 cm3, 0r = 0.16 cm, gQ = 10 cm3/s. 
 
Comparing the cases of N2 bubble formation in water and 92wt% glycerol as presented in 
Figure 5.2, it can be seen that bubble begins its rapid growth phase earlier in the low 
viscosity case. However, the bubble in water detaches earlier, leading to a smaller final 
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bubble volume. Figure 5.3 shows that in both cases, the bubble shapes remain 
approximately spherical only in the early stages of formation, gradually becoming non-




Fig. 5.3. Simulated bubble shapes during formation for inviscid and viscous liquids.  
System (a) N2-water: Vc =375 cm3, 0r  = 0.16 cm, µ = 0.001 Pa.s, Qg = 10 cm3/s. (b) N2-
92wt%glycerol: Vc =375 cm3, 0r  = 0.16 cm, µ = 0.154 Pa.s, Qg = 10 cm3/s. 
 
Terasaka and Tsuge (1990) reports data of experimentally measured bubble volume vs 
time for the N2-92wt% glycerol system. Figure 5.4 shows the comparison between the 
reported experimental data and simulated results using the present model. The bubbling 
conditions are:  
 
µ = 0.154 Pa.s 
0r = 0.0735 cm  
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gQ = 1.1 cm3/s  
cV = 42.5 cm3, 97.5 cm3 













 97.5  Exp.    Model














Fig. 5.4. Bubble growth rate with time. Experimental data from Terasaka and Tsuge 
(1990). System: N2-92wt%glycerol, µ = 0.154 Pa.s, 0r = 0.0735 cm, gQ = 1.1 cm3/s, cV = 
42.5 cm3, 97.5 cm3. 
 
The model appears to predict the bubble growth trends well in the early stages of bubble 
growth. However, the simulated detachment occurs too early as compared with the 
experimental observations. This could be a result of the inadequacy of the interfacial 
element method in modeling bubble rise and detachment in the case of small orifice 
diameters, low gas flow rates and highly viscous liquids, corresponding to the creeping 
flow regime. 
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5.2. Effect of viscosity on the bubble volume 
 
Figure 5.5 shows the relationship between detached bubble volume and gas flow rate for 
various chamber volumes. The experimental data are from Terasaka and Tsuge (1990) 
with the conditions: 
 
System: N2-90wt % glycerol aqueous solution 
µ = 0.118 Pa.s, 
0r = 0.0765 cm 
cV = 34.1 cm3, 75 cm3, and 286 cm3 
 
The model results follow the experimental trends. Bubble volume increases with 
increasing gas flow rate for all chamber volumes, although the effect is more pronounced 
for smaller chamber volumes. The results also show that the effect of chamber volume on 
bubble volume becomes negligible at high gas flow rates, as demonstrated by both 


















 34.1   Exp.    Model
 75.0   Exp.    Model












Gas Flow Rate (cm3/s)
 
Fig. 5.5. Effect of gas flow rate on the bubble volume with different chamber volumes. 
Experimental data from Terasaka and Tsuge (1990). System: N2-90wt%glycerol, µ = 
0.118 Pa.s, 0r = 0.0765 cm, cV = 34.1 vm3, 75 cm3, 286 cm3. 
 
Figure 5.6 compares model predictions with experimental data by Ramakrishnan et al. 
(1969) for formation of air bubbles in the system: 
 
 cV = 50 cm3 
 0r = 0.352 cm 
µ = 0.302 Pa.s (glycerol)  
µ = 0.045 Pa.s (glycerol solution).  
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The agreement between experimental data and the present model is excellent over the 








0.045 Exp.    Model












Gas Flow Rate (cm3/s)
 
Fig. 5.6. Effect of gas flow rate on the bubble volume with different liquid viscosities. 
Experimental data from Ramakrishnan et al. (1969). System: air-glycerol solution: 0r = 
0.352 m, cV = 50 cm3. 
 
Figure 5.7 compares model predictions with experimental data by Ramakrishnan et al. 
(1969) with the experimental conditions as follows:  
 
System: air- glycerol solution 
cV = 50 cm3 
µ = 0.045 Pa.s  
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0r  = 0.184 cm, 0.298 cm and 0.352 cm 
 
The present model predicts very well the bubble volumes over the rage of gas flow rates 








0.184  Exp.    Model
0.298  Exp.    Model












Gas Flow Rate (cm3/s)
 
Fig. 5.7. Effect of gas flow rate on the bubble volume with different orifice diameters. 
Experimental data from Ramakrishnan et al. (1969). System: air-glycerol solution: cV = 
50 cm3, 045.0=µ Pa.s, 0r  = 0.184 cm, 0.298 cm and 0.352 cm. 
 
5.3. Effect of surface tension 
 
The surface tension force is a significant contributing factor influencing bubble formation. 
Ramakrishnan et al. (1969) and Deshpande et al. (1992) proposed spherical models 
which include the influence of surface tension on bubble volume.  
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Figure 5.8 shows the comparison between the computed results and the experimental data 
from Ramakrishnan et al. (1969) for the systems: cV  = 50 cm3, 0r  = 0.297 cm, σ  = 71.7 
mN/m (air-water) and σ  = 41.4 mN/m (air-10% isopropanol solution). The results show 
that surface tension has a small effect on bubble volumes, especially at higher gas 
flowrates (10 cm3/s and above), and the bubble volumes for both systems are almost 
identical. We also show results for the systems (Davidson and Schüler, 1960b): cV  = 50 
cm3, 0r  = 0.0334 cm, σ  = 72.7 mN/m (air-water) and σ  = 27.1 mN/m (air-petroleum 
ether). The effect of surface tension is clearly more pronounced for system with smaller 
orifice size. The present model is able to predict the experimental data very well. 
 
System: air-water and 10% isopropanol solution (Ramakrishnan et al., 1969) 
cV = 50 cm3 
0r =0.297 cm 
σ = 71.7 mN/m (air-water) and σ  = 41.4 mN/m (air-10% isopropanol solution) 
 
System: air-water and air-petroleum ether (Davidson and Schüler, 1960b) 
cV = 50 cm3 
0r  = 0.0334 cm 
σ  = 72.7 mN/m (air-water) and σ  = 27.1 mN/m (air-petroleum ether) 
 












σ=71.7mN/m: Exp.   Model
σ=41.4mN/m: Exp.   Model
ro=0.0334cm
σ=72.7mN/m: Exp.   Model












Gas Flow Rate (cm3/s)
 
Fig. 5.8. Effect of surface tension on bubble volume. Experimental data (Ramakrishnan et 
al., 1969). System: air-water, σ = 71.7 mN/m, air-10% isopropanol solution, σ = 
41.4mN/m, cV = 50 cm3, 0r = 0.297 cm; Experimental data (Davidson and Schüler, 1960b). 
System: air-water σ  = 72.7 mN/m, air-petroleum ether, σ  = 27.1 mN/m, cV = 50 cm3, 0r  
= 0.0334 cm. 
  
5.4. Comparison of experimental and simulated values of bubble volume 
 
Figure 5.9 shows a comparison of calculated and experimental bubble volume including 
all the experimental data referred in this chapter over a wide range of experimental 
conditions and the corresponding model simulations. Most of the model predictions fall 
within ±15% of the reported experimental data, indicating the general applicability of the 
present model. The experimental points from Terasaka and Tsuge (1990) that our model 
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predicts poorly are for very low values of 'Re , which are in the creeping flow regime. 
The modified Reynolds number 'Re  will be discussed in section 5.5.  Since the present 
model is principally based on the interfacial added mass approach, it is probably not valid 















Symbol Viscosity (Pa.s) 
Surface tension 
(mN/m) Reference 
▲ 0.001 22.88-73.1 Datta et al. (1950) 
× 0.001 27.1-72.7 Davisdon and Schüler (1960b) 
■ 0.001-0.302 41.4-71.7 Ramakrishnan et al. (1969) 
□ 0.118-0.154 59.4-61.6 Terasaka and Tsuge (1990) 
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5.5. Analysis on modified Reynolds number 
 
5.5.1 Expression for modified Reynolds number 
 
The values of the modified Reynolds number 'Re  for all the experimental data from the 
literature in the present work were investigated. 
 
'Re  can be calculated through the ratio of the gas inertial force through the orifice and 






aF ci ρ=                                                                                                       (5.1) 
D
vaF lD 00
µ=                                                                                                        (5.2) 
where 
0a  is the cross-sectional area of the orifice,  
D  is the orifice diameter,  
0v  is the velocity of gas through the orifice. 








'Re =                                                                                                          (5.3) 
where: 
gQ  is the constant gas flow rate into the chamber 
0r  is the radius of the orifice 
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5.5.2 Values comparison of modified Reynolds number 
 
The results of 'Re  for corresponding experimental conditions are calculated by Equation 
(5.3) and shown in Table 5.1 to 5.4, respectively, except for the value of 'Re  for the 
experiment in Figure 5.4 is show below due to only one gas flow rate being employed. 
 
Simulation of bubble formation for the following conditions (Terasaka and Tsuge, 1990): 
 
System: N2-92wt%glycerol 
cV = 42.5 cm3 and 97.5 cm3 
0r = 0.0735 cm 
µ = 0.154 Pa.s 
gQ = 1.1 cm3/s 
 
The value of 'Re  corresponding to the given gas flow rate is calculated as 'Re = 0.0068. 
 
Table 5.1 Values of modified Reynolds number I 
 
Simulation of bubble formation for the following conditions (Terasaka and Tsuge, 1990): 
 
System: N2-90wt%glycerol 
cV = 34.1 cm3, 75 cm3 and 286 cm3 
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0r = 0.0765 cm 
µ = 0.118 Pa.s 
 
Results for the values of 'Re  corresponding to the gas flow rate are present below: 
 


















Table 5.2 Values of modified Reynolds number II 
 
Values of 'Re  for the experimental conditions (Ramakrishnan et al., 1969): 
 
System: air-glycerol solution 
cV = 50 cm3 
0r = 0.352 cm  
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are shown below. 
 
µ =0.045Pa.s µ =0.302Pa.s 
gQ (cm3/s) 'Re  gQ (cm3/s) 'Re  
2 0.0088 3 0.0095 
3 0.0130 4 0.0130 
4 0.0180 5 0.0160 
5 0.0220 8 0.0250 
7 0.0310 10 0.0320 
10 0.0440 15 0.0470 
15 0.0660 20 0.0630 
20 0.0880 30 0.0950 
30 0.1320 40 0.1260 
40 0.1770 50 0.1580 
60 0.2650 60 0.1900 
 
 
Table 5.3 Values for modified Reynolds number III 
 
Values of 'Re  are presented in the following table 
 
        0r = 0.352 cm         0r =0.298 cm          0r =0.184 cm 
gQ (cm3/s) 'Re  gQ (cm3/s) 'Re  gQ (cm3/s) 'Re  
2 0.0088 1.7 0.0089 1.5 0.0127 
3 0.0130 2.5 0.0130 2.5 0.0211 
4 0.0180 2.5 0.0130 4 0.0338 
5 0.0220 3.5 0.0180 5.5 0.0465 
7 0.0310 4.5 0.0240 7.5 0.0633 
10 0.0440 6.5 0.0340 10 0.0845 
15 0.0660 8.5 0.0440 15 0.1270 
20 0.0880 15 0.0780 30 0.2530 
30 0.1320 30 0.1570 45 0.3800 
40 0.1770 40 0.2100 60 0.5070 
60 0.2650 60 0.3140   
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Related to the corresponding conditions (Ramakrishnan et al., 1969) as shown below: 
 
System: air-glycerol solution 
cV = 50 cm3 
µ = 0.045 Pa.s 
 
Table 5.4 Values for modified Reynolds number IV 
 
Values of 'Re  in Table 5.4 
 


















For conditions corresponding to Figure 5.8 (Ramakrishnan et al., 1969) 
System: air-water (σ = 71.7 mN/m) 
              air-glycerol solution (σ = 41.4 mN/m) 
cV = 50 cm3 
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0r = 0.298 cm 




From the values of 'Re tabulated in section 5.5.2 it can be seen that the experimental 
points from Terasaka and Tsuge(1990)  have a very low values of 'Re (<0.0088), which 
are in the creeping flow regime corresponding to small orifice diameter, low gas flow rate 
and highly viscous liquid. The model predictions agree well with the experimental data 
with a higher 'Re . 
 
 
                                                                                                   Conclusions and Recommendations 
 72





This work presents the development of a non-spherical model for bubble formation at a 
single submerged orifice in viscous liquid based on interfacial element approach. The 
modified model is used to predict the combined effects of liquid viscosity and surface 
tension on bubble formation. Simulated bubble volumes are compared with reported 
experimental data from the literature for a wide range of viscosities (0.001 to 0.3 Pa.s) 
and surface tensions (0.023 to 0.073 N/m).  Results for bubble growth rate and final 
bubble volume agreed very well with experimental data, except in the very low 'Re  
creeping flow regime.  This is to be expected, since the interfacial element model relies 
on the concept of added mass, which can be considered to be only approximately valid in 
the case of a real viscous liquid.  For a large number of simulations for practically 
realistic systems, the model successfully predicted the experimental data to within ±15%. 
 
6.2. Recommendations for future work 
 
Suggestions for future work are given in this section. 
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(1) Experimental studies of bubble formation rate and pressure fluctuations at a single 
submerged orifice in viscous liquids are recommended. As the literature 
investigated, the existing experimental data are extremely limited apart from the 
report from Terasaka and Tsuge (1990). The bubble volume change with time at 
constant gas flow rate should be investigated for a wide range of experimental 
conditions. 
 
(2) For the present model, the further extension of the model to simulate the       
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